Hierarchical Nature of the Quantum Hall Effects 



Parsa Bonderson 

'Station Q, Microsoft Research, Santa Barbara, California 93106-6105, 
(Dated: February 10, 2012) 



USA 



I demonstrate that the wavefunction for a v — n + v quantum Hall state with Landau levels 
0, 1, . . . , n — 1 filled and a filling fraction v quantum Hall state with < v < 1 in the nth Landau 
level can be obtained hierarchically from the v = n state by introducing quasielectrons which are 
then projected into the (conjugate of the) v state. In particular, the v = 1 case produces the filled 
Landau level wavefunctions hierarchically, thus establishing the hierarchical nature of the integer 
quantum Hall states. It follows that the composite fermion description of fractional quantum Hall 
states fits within the hierarchy theory of the fractional quantum Hall effect. I also demonstrate 
this directly by generating the composite fermion ground-state wavefunctions via application of the 
hierarchy construction to fractional quantum Hall states, starting from the v = 1/m Laughlin states. 

PACS numbers: 73.43.-f, 73.43.Lp, 71.10.Pm, 05.30.Pr 



The discoveries of the integer quantum Hall (IQH) [l[ 
and fractional quantum Hall (FQH) effects [2J, where 
the Hall conductivity of a 2D electron gas subjected to 
low temperatures and large magnetic fields takes values 
&xy = ve /h for integer and rational v, respectively, have 
led to an ongoing effort to understand their nature. The 
IQH effect can be understood in terms of independent 
electrons filling Landau levels, with the extremely precise 
quantization of the Hall conductance explained by gauge 
invariance and the existence of a mobility gap Q or, more 
rigorously, by a topological invariant called the Chern 
number [J, |fj . Laughlin provided the phenomenological 
explanation for FQH states with filling v = 1/m (with 
m odd) in terms of quantum fluids, for which he pro- 
vided highly accurate trial wavefunctions Q. Laughlin's 
states possessed exotic new features, such as topologi- 
cal order Q and quasiparticle excitations with fractional 
charge [f| and braiding statistics Soon after Laugh- 
lin's proposal. Haldane and Halperin proposed the hierar- 
chy theory [§- 11 1 of similar states built on Laughlin states 
to explain the FQH effect at other odd-denominator fill- 
ing fractions which were being discovered. Later, the 
composite fermion (CF) theory was proposed by Jain as 
an alternative description of these FQH states [12| . 



The CF description has been particularly successful 
because it provides a superficially simple physical pic- 
ture of the FQH effect, a straightforward phenomenology 
that matches well with experiments, and trial wavefunc- 
tions which extensive numerical studies have found to 
be highly accurate and which permit certain computa- 
tions for relatively large system sizes (N ~ 100); see, 
e.g. [l3|, for a review. CF theory also provides a concep- 
tual context for the v = 1/2 Fermi-liquid-like state |14j . 
In contrast, the same range of phenomenology has not 
been as easy to elicit from the Haldane-Halperin (HH) 
hierarchy theory. Numerical studies of hierarchy gener- 
ated wavefunctions are far less extensive, but have found 
them to also be highly accurate [HI]. It has been ar- 
gued that the HH hierarchy and CF states at the same 



v are simply descriptions of the same universality class, 
since they possess identical topological quantum num- 
bers, such as their quasiparticlcs' charge and braiding 
statistics [3]. In contrast, it has also been argued that 
the CF theory, which views the FQH states as IQH states 
of composite fermions, is fundamentally different from 
the hierarchy theory and that there is no hierarchical 
relation between different filling fractions in the CF the- 
ory, since there is none between different in tege r filled 
states (see, e.g. Ch. 12.1 of [H). In Refs. [TMi, it was 
shown, working on the plane, that applying the hierar- 
chical construction for specifically designed quasiparticle 
trial wavefunctions exactly produces CF wavefunctions. 
These quasiparticle wavefunctions, which are generated 
via conformal field theory operators, are equivalent to CF 
generated quasiparticle wavefunctions, up to ambiguities 
and freedoms associated with defining wavefunctions of 
both approaches on the plane 2fj, 21 1. 

In this letter, I consider hierarchical constructions for 
quantum Hall systems on the (2D) sphere where the 
relevant wavefunctions are more precisely defined than 
on the plane. I apply the hierarchy theory to the v = n 
IQH states [32| to produce v = n + v states, where < 
v < 1 is the filling of a quantum Hall state into which 
the quasielectrons are projected. The resulting v = n + u 
wavefunctions are exactly those of states with Landau 
levels 0, 1, . . . , n— 1 filled and the filling v quantum Hall 
state in the nth Landau level. This is used to explicitly 
demonstrate the hierarchical nature of the IQH effect and 
of the CF theory of the FQH effect. In the supplementary 
material (following the letter), I provide details to repeat 
this analysis for planar systems and address associated 
issues. 

In the hierarchy theory [ij-[ll| , one starts from a wave- 
function ^ (R M ; Vi) for a state of N electrons with coordi- 
nates ri , . . . , r jv that has iV qp quasiparticles at positions 
Ri, . . . , R-jv q p- Then the quasiparticles are projected onto 
a quantum Hall type state with (pseudo-)wavefunction 
$ (Rp) (by taking the inner product with respect to the 
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quasiparticles' coordinates), giving the wavcfunction for 
a new electronic state 



where Afj = J2l=o N r , and Xi^ is the wavefunction for 
filled jth LL, given by 
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The wavefunction $ must be suitably chosen so that the 
integrand is single-valued and hence well-defined. This 
hierarchy construction can be associated with the phys- 
ical picture where an additional quantum Hall fluid is 
introduced and coupled to the original one by bose con- 
densing composites of quasiparticles (which, in general, 
are anyonic) from the two Hall fluids that form electri- 
cally neutral bosons. Such a topological bose condensa- 
tion produces a new topological phase from the previous 
two [22J. Requiring that a neutral boson composite of 
quasiparticles can be formed provides precisely the same 
restriction on the allowed Hall fluid that may be added 
and hence its associated wavefunctions <3>, as does the 
single- valued integrand requirement. 

The electron positions on the sphere are expressed us- 
ing spinor coordinates = (ui,Vi), which are related to 
spherical coordinates (6i,ipi) by 



Ui = cos(^/2)e^/ 2 , 



sin(6» 4 /2)e-^ /2 . (2) 



In spherical quantum Hall systems, a radial magnetic 
field B = r is produced by a magnetic monopole at 
the center of the sphere, corresponding to flux quanta 
passing through the surface (in units of </>o = h/e). The 
number of flux is related to the filling fraction v by 
= v~ 1 N — S, where the shift S is a topological quan- 
tum number (for clean systems) characteristic of how the 
electrons couple to spatial curvature in different quantum 
Hall states [23[ . There arc Nj — + 2 j + 1 orbitals in 
the jth LL given by the monopole harmonics [24| , which 
form a complete, orthogonal basis. In spinor coordinates, 
these (single particle) orthonormal basis states are 
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where j = 0, 1, . . . specifies the LL, s = \Na, + j corre- 
sponds to the eigenvalue s (s + 1) of total angular mo- 



where Sj = \Na, + j. 

In order to introduce N qe quasielectrons in the v = n 
state (for which such localized point-like excitations have 
charge — e and fermionic statistics), one decreases the flux 
by 1/n for each quasielectron to N<j, = ^N — n — -N qe . 
This decreases the number of orbitals in each LL and 
forces electrons to occupy LLs above the (n — l)th. To 
form minimal uncertainty excitations that are maximally 
localized at specific points, one uses coherent states. 
Thus, the minimal energy quasielectrons are coherent 
states in the nth LL. The coherent state 4>g -a (r) in the 
nth LL on the sphere, localized at the point R = (a, /3) 
(in spinor coordinates) is obtained by applying C n to the 
0th LL coherent state [^, [25[, which (with a preferred 
normalization) yields 
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Thus, the ./V electron wavefunction for this state with 
iVqc quasielectrons localized at positions R M = (a^, (3^), 
where fx = 1, . . . , JV qe , is given (for N qc < N n ) by 



(R M ;r-i) 



* TT.,(j) 
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where this uses new values of Nj and Sj corresponding 
to N 6 = iJV - n - -N ac . 

The next step in the hierarchy construction is project- 
ing the quasielectrons of this wavefunction into another 
quantum Hall type wavefunction $ (R M ) for the quasi- 



electrons, as in Eq. (Q}. Using $ (R M ) = *p (R M ), a 0th 
-s + LL state with filling < v < 1 and shift S, the inte- 
1, ...,s is the eigenvalue of L* (specifying the orbital gra l can only be non-zero if s n = s , i.e. N tj> + 2n = 



mentum L for orbitals in the jth LL, m 



within the jth LL), and C = v-jj- — uj^ is the LL raising 
operator. 

Thus, a system filling the n lowest Landau levels (j = 
0, 1, . . . , n — 1) has N$ = j^N — n and is described by the 
(unnormalized) wavefunction 



'Jn+S) 
n+v 



P^JVqe - S. This requires N qc = ^N 
results in Nj, = -±=N - n*+2™>+i>s for the ncw gtate ^ 
By expanding in terms of orbital occupation 
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where Cr i arc the expansion coefficients, the 

[mi,...,mAr qe J * : 

integrals can be evaluated using the property 

d 2 R ^°„) m (R) ^ R (r) = ^> m (r) . (9) 



The wavefunction resulting from using Eqs. ([7]) and ((SJ) 
in the hierarchical construction for the new state is 

= E nrll^^t,)) *£ b W. + m>Xi°) 
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is the wavefunction obtained by raising from the Oth 
LL to the nth LL (and replacing s with s n ). The wave- 
function ^' n+i> (rj) is exactly that of a v = n + v state of 
N electrons with Landau levels 0, 1, . . . , n — 1 filled and 
&p partially filling the nth Landau level. It should also 
be clear that this mapping is invertible, i.e. the wave- 
function can be uniquely obtained from ^' n+ ~. 

Projecting the quasielectrons onto the (conjugate of) 
a filled LL, i.e. using $ (R M ) = \i (R/J in Eq. © of the 
hierarchy construction, produces *f>' n+1 (r») = Xn+i (r»), 
the wavefunction for the state with the n + 1 lowest LLs 
filled. Thus, I have explicitly demonstrated that the IQH 
states possess a hierarchical structure. 

The CF theory generates v = 2 pv*±i EQH states 
by viewing them as filling v* quantum Hall states of 
CFs [13, which are bound states of electrons with ±2p 
quantized vortices. The associated ground-state trial 
wavefunction generated from that of a v* state with 
wavefunction is [33J 



(12) 



where Vf-^. (r») = \Ev (r 4 ) corresponds to using negative 
vortices. In particular, the experimentally prominent se- 



ries of FQH states v = 



corresponding to v* 



2pn±l 

are thought of as IQH states of CFs. The other odd- 
denominator filling fractions are generated in the CF pic- 
ture using v* = n+C>, where the filling fraction < v < 1 
is that of a previously obtained state (or its particle-hole 
conjugate), e.g. v* = 4/3 gives v — ; which is rel- 
evant for the observed v = 4/11 state [26[ (see Ch. 7.4 
of [HI for more details). From this perspective, it is now 
obvious that the CF description of FQH states is hier- 
archical in nature, just as the IQH and v = n + v FQH 
states arc hierarchical in nature. 



It is also worth examining the direct application of the 
hierarchy construction to the trial wavefunctions gener- 
ated from the CF picture (rather than to the IQH states) 
in order to clarify the details of how the construction 
transfers over. Here, I will focus on the v 



2pn+l 



states. 



I stress that the hierarchy picture applies to universality 
classes of quantum Hall states and is not immutably re- 
stricted to specific choices of their representative trial 
wavefunctions. One should, however, try to employ the 
most accurate trial wavefunctions $ (R M ) and $ (R^; r,) 
that one can produce and utilize for Eq. (JTJ). The quasi- 
electron trial wavefunctions generated by the CF picture 
are very accurate, so it is natural to use them in the hier- 
archical construction. The CF ansatz for the v = „ " , = 
states [starting from the v = 1/m = l/(2p+ 1) Laughlin 
states at n = 1, which have trial wavefunctions \T] with 
quasielectrons is generated similar to Eq. (|T2|) . but using 
the wavefunction (R^rj) of Eq. for IQH states 
containing quasielectrons. This gives 



(R M ; Ti) = [xi {vi)f p (R M ; r<) 



(13) 



Before inserting this wavefunction into the hierarchy 
machinery, it is important to notice that, as written, 
its norm has nontrivial R^ dependence, i.e. it is not 
just a constant (up to corrections that are exponentially 
suppressed with the separation of quasielectrons). Ad- 
ditionally, explicit transformation of this wavefunction 
upon exchanging quasielectrons results in a factor of — 1 
corresponding to the fermionic statistics of quasiparti- 
cles in the ^> n states, rather than the phase e , where 
8 /it = 1 — 2 pn+ 1 * s * ne braiding statistical angle of quasi- 
electrons in the VP,, state. (The correct braiding statis- 
tics is recovered once the Berry's phase contribution is 
included.) The properly normalized wavefunction that 
explicitly exhibits the braiding statistics is 



^ (R M ;ri 



Ixi (R„)l 



(R^; r») || 
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If one uses ^ v (R M ; r^) in the hierarchical construction 
of Eq. ([T]) and projects the quasielectrons into a Laugh- 
lin type quantum Hall state, then the natural (though 
perhaps naive) choice for the wavefunction into which 
the quasielectrons are projected would be $(R M ) = 

2k— 1 

[Xi (R/j)] , for k a positive integer. This exactly 
reproduces the CF generated FQH trial wavefunctions 
(with k = 1 giving the v = 2p n+i states) as it reduces 
to multiplying [\i (ri)] 2p by the v = n + v wavefunction 
( r «) with v = 2 , _, . In this way, one can hierar- 
chically generate all the CF ground-state trial wavefunc- 
tions, starting from the v = 1/m Laughlin states' trial 
wavefunctions. 

However, it may seem more appropriate to use 
*5f v (R^; r,) in the hierarchical construction, since it ex- 
plicitly manifests the physical correlation and statistics 
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properties of the quasielectrons. In this case, the nat- 
ural choice for projecting into a Laughlin type state is 

2k- S- 

$ (R M ) = [xi (R^)] * ■ The detailed wavefunctions re- 
sulting from these two constructions are generally dif- 
ferent. To produce exactly the same wavefunctions, 
one must either multiply $ or divide $ by the factor 

/(IV) = ba (R M )|*- 1 ||MR/.;r i )||. 

For the sake of producing wavefunctions, one can in- 
troduce factors like / (R M ) into Eq. (JTJ at will, since it 
leaves the integral well-defined. In fact, one can view 
the inclusion of such factors as variational parameters 
of the trial wavefunctions fl9l . l27j |. However, if one de- 
mands strict adherence to the physical hierarchy picture 
with ^ and $ accurately describing quantum Hall states, 
then one must be more careful and justify that such fac- 
tors do not alter the universal properties of the wave- 
functions. This is a very credible claim for the factors 
/ (Rju) needed to exactly equate the detailed forms of 
the above wavefunctions. In particular, from the simi- 
larities with the analogous quasihole wavefunctions, one 

expects (R M ; rj)|| = |xi (R^)| * up to corrections 
that are exponentially suppressed with the separation of 
quasielectrons. This property can be demonstrated for 
quasiholes in the Laughlin and the quasihole-based HH 
hierarchy states using the plasma analogy (s , 28 1 . Assum- 
ing this expected property for quasielectrons, it follows 
that / (R^) ~ 1 except possibly when the quasielectrons 
are near each other, which is precisely where the relevant 
wavefunctions vanish and hence have negligible contribu- 
tion to the integrals. Consequently, including the factor 
/ (Rju) in the hierarchical construction should not sig- 
nificantly modify the resulting wavefunctions nor alter 
their universal properties. Refs. 17 - 19} tacitly use such 
arguments in their hierarchical construction of the CF 
wavefunctions. 

In summary, I have demonstrated that the IQH and 
v = n+i> FQH states are hierarchical in nature. Through 
its fundamental relation to these states, the CF descrip- 
tion of FQH states shares the same hierarchical nature. 
I also demonstrated the hierarchical structure of the CF 
FQH states directly through application of the hierarchy 
construction to Laughlin and CF trial wavefunctions, us- 
ing quasielectron wavefunctions generated from the CF 
picture. As such, one may view the CF descriptions of 
FQH states as particularly successful representatives of 
the HH hierarchy theory. One can now obtain the sought 
after phenomenology of the HH hierarchy theory for FQH 
states by simply adopting that of the CF theory. 

It is also possible to construct hierarchies over non- 
Abelian quantum Hall states [2!| . When these are formed 
starting with Laughlin type quasiparticles (i.e. flux ±1 
excitations that occur purely in the charge sector) in 
these states, they also admit a description by CF type 
wavefunctions 29|-31|. The results of this letter also ap- [31 
ply to these cases. 
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[32] In this letter, I assume that the electrons' spins are fully [33] A lowest LL projection may be applied to produce wave- 
polarized and can be ignored. However, it is straightfor- functions that are strictly in the Oth LL. 
ward to generalize the analysis to the case with spin. 



Supplementary Material 

The analysis of this letter can also be carried out for 
the planar disk geometry. The orthonormal basis states 
in the plane are 



1 



V27r2 m m!j! 



-X- 



(15) 



where j — 0, 1, . . . specifies the LL, m = 0, 1, . . . specifics 
the orbital with L z eigenvalue m — j, and planar coordi- 
nates are expressed as complex variables z = x + iy. The 



LL raising operator is C 



2&) /V2. 



The (unnormalized) wavefunction for a system filling 
the n lowest Landau levels (j = 0, l,...,n — 1) for a 
disk-like region of the plane takes the form 



Xn 0i) 



e { -w- n^^^o) (i6) 

o-eSn 'J=0 



where Nj = X)r=o N r > an d Xi i s the wavefunction for a 
filled jth LL, given by 



x? M 



£ — 



iV, 
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a=l 



In this case, the numbers Nj of occupied orbitals in the 
jth LL are not uniquely determined, as they were for 
spherical systems, so there is some freedom in distribut- 
ing the electrons among the different LLs. (The total 
number of orbitals in each LL is, of course, infinite on 
the plane.) The Nj should be chosen to give roughly 
the same radius of occupied states in each occupied LL, 
defining a disk-like region of quantum Hall fluid. For n 
"filled" LLs, this requires the occupation to be roughly 
the same in each occupied LL and a standard choice is 
the equal distribution Nj — N/n (for j = 0, 1, . . . ,n — 1). 
The effect of different distributions Nj is evident at the 
edge of the disk. 

Coherent states (with a preferred normalization) in the 
nth LL on the plane are given by 

^) (r) = _J_ £ « j e -i(MW-2, z )j 



2?rVn! 
1 



27iV2 Tl n! 



5>L 0) (R) CMr), 



(18) 



where rj = X + iY expresses the coordinate Rasa com- 
plex variable. 

In order to introduce quasielectrons in a v — n state, 
one uses nth LL coherent states. The N electron wave- 
function for such a state with N qe quasielectrons local- 
ized at positions R M , where (i = 1, . . . , N qo , is given (for 
^qe < Nj) by 

*„(R M ;r,) = II *i ( r ^ j+aj) ) 

treS N ' j=0 



n <! (is) 



^=1 



where N = Nj and N n = N qc . This can be done 

3=0 

by adding N qe electrons to a v = n state (leaving the Nj 
fixed and changing N) , by moving iV qo electrons from the 
various j < n LLs into the nth LL (leaving N fixed and 
changing the Nj), or by changing both TV and the Nj. 

With these definitions and the expansion of an arbi- 
trary filling < v < 1 state ^>p in terms of orbital occu- 
pation 

*,(r,)= £ c [mi _ m ^ } n < (r-m) , 

mi,...,mjv qe =0 /i=l 

(20) 

where CV i are the expansion coefficients, the 

[mi,...,mjv qo J f ' 

same evaluation of integrals can be carried out as be- 
fore. The wavefunction resulting from the hierarchical 
construction for the new state (with N electrons) is again 

K+u (r<) = / II ( R ^) *n (R M ; n) 
= E SvT- II & (Mat,^)) *r (M^ + M))(2l) 



rn=0 



AT! 



where 

OO 

^ m = e c [mi m%] n ^ 0*) 

mi,...,mjv qe =0 /i=l 

(22) 

is the wavefunction obtained by raising vffp from the Oth 
LL to the nth LL. 

Working with a finite number of electrons TV in the 
infinite plane introduces another potential issue. Since 



6 



orbitals V'm-j are on ^ filled for m < iVj (for j <n), pro- 
ducing a finite disk-like region, it may seem appropriate 
to similarly restrict the coherent states to orbitals with 
m < M for some M ~ iVj, so that the support of the 
quasielectrons is the same as that of the quantum Hall 
droplet. (On the other hand, one might argue that such 
a truncation is unnecessary as long as the quasiparticle 
coordinates remain "inside" the area of the disk of 
quantum Hall fluid, since then the coherent states will 
have Gaussian suppressed support in the orbitals with 
Tji > M, which arc considered to be "outside" the disk.) 
A truncated nth LL coherent state written as 



M-l 



W V4"L(r) 



(23) 



The effect of these normalization factors is that the 
expansion coefficients of are modified by the hierarchy 
step to become 



where 



g m (M) 



C? i = Cr i TT 9m (M), (25) 

[mi,...,mjv qe ] [mi,...,mjv qo J 11 y "V^ <" V > 



d 2 K 



i>£> (R) 



r(M) 



r ( m, M. 



(26) 



has an R-dependent norm 



<V (r) 



2tt r (M) 



in contrast with 

(«) 



(24) 



2s„ + l 



for the sphere and 



for the plane. Consequently, if trun- 



cated coherent states are used to describe quasielectrons 
and the properly normalized wavefunctions are used in 
the hierarchy construction, there will be additional fac- 

r / laPM-Va 
tors of r I M, L -^- J in the integrands. 



Thus, the nth LL component of the resulting hierarchical 
wavefunction becomes 



mi rriN^^ —0 



(27) 

which is used in Eq. (|2"Tj) instead of Eq. (j2"2")h This mod- 
ification should not alter the universal properties of the 
state, at least for sufficiently large M. In fact, taking 
the thermodynamic limit (where TV, Nj, and M all go to 
infinity) gives g m (M) — > 1 and recovers the wavefunction 
of Eq. 



